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We propose and analyze an efficient high-dimensional quantum state transfer scheme
through an XXZ-Heisenberg spin chain in an inhomogeneous magnetic field. By the
use of a combination of coherent quantum coupling and free spin-wave approximation,
pure unitary evolution results in a perfect high-dimensional swap operation between two
remote quantum registers mediated by a uniform quantum data bus, and the feasibility is
confirmed by numerical simulations. Also, we observe that either the strong z-directional
coupling or high quantum spin number can partly suppress the thermal excitations and
protect quantum information from the thermal noises when the quantum data bus is in
the thermal equilibrium state.
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1. introduction
The transfer of quantum state between two distant quantum registers is an essential
task of quantum information processing (QIP)1. While long-range quantum commu-
nication can be realized by the use of photons2,3,4, coupled solid-state systems can
act as quantum data buses to connect two separated registers for short-range com-
munication, e.g., within a computer. Such data buses have been explored in the con-
text of various quantum systems ranging from trapped ions5,6 and super-conducting
flux qubits7,8,9 to cavity arrays10,11,12 and nanoelectromechanical oscillators13.
Due to the ability to provide an alternative to either direct register interactions
or an interface between stationary and flying qubits, quantum spin chains have
attracted much attention in recent years 27,28,29,30,31,32,33,34,35. In the original
scheme14, S. Bose studied a uniform spin chain of Heisenberg coupling, and quan-
tum information can be efficiently transferred between two ends of the spin channel
1
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via natural evolution. Moreover, many strategies aiming to achieve the perfect quan-
tum state transfer (QST) over arbitrary distance have emerged, such as engineering
the coupling strength in a way dependent of the chain length15,16, implementing
local measurements of individual spins17 and designing some special configurations
of spin chains18,19,20. Alternatively, coherent quantum coupling has been widely
used to achieve high-fidelity QST by tuning the registers to interact weakly with
the channel21,22,23,25,26.
Compared to two-dimensional systems working as qubits, high-dimensional sys-
tems as qudits also deserve to explore because they can carry large capacity and
lead to a further insight into our understanding of quantum physics. Until now,
many proposals of quantum computation36 and quantum communication, e.g. quan-
tum cloning37,38, quantum teleportation40,41,42, quantum key distribution43 and
quantum correlation44 have been extended to high-dimensional versions. Indeed,
with some notable exceptions45,46,47, where perfect high-dimensional state trans-
fer over long distance has been implemented by utilizing a repeated measurement
procedure or a free spin wave approximation, prior work on perfect QST in coupled-
spin systems has primarily focused upon qubits48,49,50,51,52,53.
In this paper, we devote our attention to a perfect transfer of high-dimensional
quantum state through an XXZ-Heisenberg coupling spin chain of arbitrary length
in an inhomogeneous magnetic field. On employing the Holstein-Primakoff trans-
formation and the free spin wave approximation, the Hamiltonian takes the form of
free bosons and can be diagonalized through an orthogonal transformation. Tuning
the register-bus coupling in the xy plane to be much smaller than that within the
data bus enables a special data bus collective eigenmode resonating with the two
end registers. As a consequence, unitary evolution results in a perfect swap opera-
tion between the two registers in the optimal time, and numerical simulations are
performed to confirm it. Moreover, we observe that increasing either the strong z-
directional coupling or high quantum spin number is capable of protecting quantum
information from the thermal noises.
The structure of the paper is as follows. In section 2, we introduce the analysis
of the model and give the Hamiltonian. In section 3, we show that a high fidelity
QST and the thermal effects. Finally, we summarize the whole mechanism and draw
our conclusions in the section 4.
2. Model and Analysis
As shown in Fig. 1(a), an XXZ-Heisenberg model governs an (N + 2)-site spin-S
chain in an inhomogeneous magnetic field. Only the nearest-neighbor interaction is
considered and the system is described by
H = HB +HI +HM . (1)
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Fig. 1. (Color online) (a) Shown is a quantum data bus mediating two quantum registers, with
an XXZ-Heisenberg coupling. We demonstrate that a perfect high-dimensional swap operation
between the registers via purely unitary evolution over arbitrary distance by applying an inhomo-
geneous field. (b) We employ a d-dimensional space spanned by the low-lying level states ranging
from |0〉 to |d − 1〉 to encode quantum information as a qudit. The condition 2S >> d predicts
that the spin-wave interaction can be neglected to yield a tight-binding Hamiltonian, which can
be diagonalized through an orthogonal transformation. (c) On maintaining ω0/Ω0 << 1 ,there is
a special data bus collective mode being resonantly coupled to the two registers, and off-resonant
coupling can be neglected. Therefore, we achieve a high dimensional quantum state transfer pro-
tocol through this eigenmode-mediated quantum channel.
The Hamiltonian of the quantum data bus is
HB = −Ω0
N−1∑
i=1
(S+i S
−
i+1 + S
−
i S
+
i+1)− Ωz
N−1∑
i=1
Szi S
z
i+1, (2)
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where Ω0 > 0 is the coupling strength in the xy-plane and Ωz > 0 is that along the
z-direction. Sνi is the ν (ν= x, y, z) component of the spin operator Si at the i-th
site with S±i = S
x
i ± iSyi . HI describes the interaction between the two end registers
and the intermediate quantum data bus,
HI = −ω0(S+s S−1 + S+r S−N +H.c.)− ωz(SzsSz1 + SzrSzN ), (3)
where ω0 > 0 is the interaction between the sender (receiver) and the quantum
data bus in the xy-plane and ωz > 0 is that along the z-direction. The Zeeman
term reads
HM = −(BsSzs +BrSzr +
N∑
i=1
BiS
z
i ), (4)
with Bi being the local magnetic field on the ith-site in the z-direction. By im-
plementing the Holstein-Primkoff (HP) transformation S+i =
√
2S − a†iaiai and
Szi = S − a†iai, the Hamiltonian can be rewritten in terms of boson operators, and
the state of each spin is described by a Fock state instead. In general, the low-lying
d-dimensional space of the sender is harnessed to encode quantum information, and
the input state is |ϕs〉 =
∑d−1
u=0 αu|u〉s, while the data bus and the receiver align in
a parallel way being a ferromagnetic order 15, as sketched in Fig. 1(b).
For a spin chain of N + 2 spins-S, the Hilbert space H is of dimension
(2S + 1)N+2. The Hamiltonian H preserves the total bosonic number N = a†sas +
a†rar+
∑N
i=1 a
†
iai due to [H,N ] = 0. Therefore,H can be decomposed into an invari-
ant subspace SG spanned by |ns, n1, · · · , nN , nr〉 for ns, ni, nr = 0, · · · , d−1, and the
dynamics of the system is completely restricted in the the d(N+2)-dimensional sub-
space SG . Suppose that the dimension of the transferred state is much smaller than
quantum spin number, i.e., d << 2S, the average boson number of each site could
be much smaller than 2S,
〈
a†iai
〉
<< 2S. Subsequently, the spin-wave interaction
is negligible, such that the HP transformation is simplified to S+i =
√
2Sai
54,55,
leading to a bosonized tight-binding Hamiltonian
HB = −2Ω0S
∑N−1
i=1 (ai
†ai+1 +H.c.)− Ωz
∑N−1
i=1 [S
2 − S(a†iai + a†i+1ai+1)],
HI = −2ω0S(a†sa1 + a†raN +H.c.)− ωz[2S2 − S(a†sas + a†1a1 + a†rar + a†NaN )],
HM = −
[
Bs
(
S − a†sas
)
+Br
(
S − a†rar
)
+
∑N
i=1 Bi(S − a†iai)
]
.
(5)
In order to achieve an efficient high-dimensional state transfer, we choose
Bs = Br = 2ΩzS,
B1 = BN = ΩzS,
B2 = · · · = BN−1 = ωzS,
(6)
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and apply the following orthogonal transformation1,25,56
a†i =
√
2
N + 1
N∑
k=1
sin
ikpi
N + 1
c†k, i = 1, ..., N, (7)
the Hamiltonian H is transformed to
H=
N∑
k=1
[(εk + Γ)c
†
kck]+Γ(a
†
sas + a
†
rar)+
N∑
k=1
tk[a
†
sck + (−1)k−1a†rck +H.c]. (8)
where εk = −4Ω0S cos( kpiN+1 ), tk = −2ω0S
√
2
N+1 sin(
kpi
N+1 ) and Γ = (2Ωz + ωz)S.
Note that the choice of the nonuniform field is applicable for only N ≥ 3, and in the
special case of N = 1, the field can be chosen as Bs = Br = ωzS + h and B1 = h
with h ≥ 0.
3. Quantum state transfer and the thermal effects
By restricting our discussion to a case of odd N chains, there exists a zero-energy
data bus collective mode, corresponding to κ= (N + 1)/2, being resonantly coupled
to the two end registers with strength tκ = −2ω0S/A where A =
√
(N + 1)/2.
Under the assumption that ω0/Ω0 << 1/
√
N , off-resonant coupling can be neglected
as a result of tκ ≪ |εκ−εκ±1|, such that evolution dynamics behaves as an effective
model in which only the two end registers and the κ-th collective mode are involved,
as illustrated schematically in Fig. 1(c). In this case, the effective Hamiltonian
Heff=Γ(c
†
κcκ + a
†
sas + a
†
rar) + tκ[a
†
scκ + (−1)κ−1a†rcκ +H.c] (9)
governes the evolution of the system. In the Heisenberg picture, the operators should
evolve in the full space associated with Heff. Thus by choosing evolution time τ ≡
pi/
√
2tκ, it yields
a†s(τ) = (−1)κe−iΓτa†r, a†r(τ) = (−1)κe−iΓτa†s, (10)
which reveals that the quantum state of the sender can be perfectly transfered to
the receiver in the optimal time τ . A swap gate has been established between the
sender and the receiver, up to an additional phase independent of the sent state.
Without decoherence, our scheme can, in principle, achieve perfect QST in spin
chains of arbitrary length. However, the optimal time should be much shorter than
the coherence time when decoherence is present, and the chain length is therefore
limited.
To confirm the efficiency of our method, numerical simulations are performed.
Initially, the whole system, including the two end registers and the intermediate
data bus, is in a product state
|ψ (0)〉 = |ϕ〉s|0〉⊗Nbus |0〉r, (11)
and |0〉⊗Nbus = |0〉1 ⊗ · · · ⊗ |0〉N . In general, the state of the receiver at time t is
a mixed state ρr(t), which can be obtained by tracing off the other sites ρr(τ) =
Trrˆ(e
−iHt |ψ(0)〉 〈ψ(0)|eiHt).
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Fig. 2. (Color online) The average fidelity varies as a function of quantum spin number S with
N = 3, d = 3 and ω0/Ω0 = 0.1 for three values of the z-directional coupling. Here, the evolution
time is the optimal time τ .
A complex projective space CP d−1 is constructed by the set of the pure states
of a d-dimensional Hilbert space. According to Hurwitz parametrization method, a
pure d-dimensional state must be described by 2(d− 1) parameters including d− 1
azimuthal angles θi and d− 1 polar angles ϕi
|Ψ〉 = (cos θd−1, sin θd−1 cos θd−2eiϕd−1 , sin θd−1 sin θd−2 cos θd−3eiϕd−2 , ...,
d−1∏
i=1
sin θie
iϕ1)
(12)
with θi ∈ [0, pi2 ] and ϕi ∈ [0, 2pi). The fidelity between the sent state of the sender
and the received state of the receiver at time τ is given by F (τ)=s〈ϕ|ρr(τ)|ϕ〉s.
Correspondingly, the average fidelity over all possible input pure states is
〈F (τ)〉 = 1
V
∫
F (τ)dV. (13)
Here, V = pid−1/ (d− 1) is the total volume of the manifold of pure states, and
dV =
∏d−1
p=1 cosϑp (sinϑ)
2p−1
dϑpdϕp is the volume element
57. In fact, the average
fidelity is a generalization of the usual Bose formula14, i.e. in the case of d = 2, Eq.
(13) takes the same form as the average fidelity of the case of qubit.
In Fig. 2 the average fidelity varies as a function of quantum spin number S
when N = 3 and d = 3 with ω0/Ω0 = 0.1. The numerical results are based on
the Hamiltonian of Eq. (1), and three different z-directional coupling strengths are
chosen to demonstrate the feasibility of the method. We observe that the average
fidelity increases with S, and when ω0/Ω0 << 1 and d << 2S, the average fidelity
nearly tends to one, e.g., in a case of S = 10, 〈F (τ)〉 is 0.9974 (black line), 0.9984
(red line), and 0.9986 (blue line). The leakage of quantum information results from
either the off-resonant coupling or the spin-wave interaction.
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In the following, an investigation on the thermal effects will be numerically given
when the quantum data bus is in a thermal equilibrium state described by
ρB =
1
Z
e−HB/T , (14)
where Z = tr(e−HB/T ) characterizes a partition function and T represents the
temperature. The density matrix of the whole system is in a product state,
???
???
Fig. 3. (Color online) The average fidelity varies as a function of temperature with N = 1 and
d = 3 for either (a) three z-directional coupling strengths in a case of S = 3, or (b) three quantum
spin numbers in a case of ω0 = ωz . Here, h = ωzS and the evolution time is the optimal time τ .
ρ(0) =
d−1∑
µ′,µ=0
αµα
∗
µ′ |µ〉s|0〉r〈µ′|s〈0|r ⊗ ρB. (15)
In Fig. 3 we plot the average fidelity as a function of the temperature for a bus
of length N = 1 initially in its thermal equilibrium state: F 〈τ〉 decreases with T/ω0
owing to the validity of free spin wave approximation only in the low boson exci-
tation regime, however, increasing either ωz or S can depress the thermal noises to
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prevent quantum information from leaking. In Fig. 3(a), it should be noted that the
z-directional coupling contains the spin-wave interaction found in nonlinear terms
of the HP transformation, and such coupling can lead to the leakage of quantum in-
formation, specially at very low temperature range. However, with the temperature
increasing, the z-directional coupling can effectively cope with the thermal effects,
and provide the protection for quantum information instead. Moreover, from the
model featured by H of Eq. (8), both the z-directional coupling and the magnetic
field result in Γ being capable of protecting quantum information, in similar to the
magnetic field applied on an XX coupling spin chain.
4. Summary
In this paper a quantum state transfer protocol has been studied through an XXZ
coupling spin chain in the presence of an inhomogeneous magnetic field. Upon har-
nessing coherent quantum coupling and free spin-wave approximation, off-resonant
couplings and spin-wave interactions can be ignored, and consequently, an arbitrary
unknown high-dimensional quantum state can be transferred between two remote
registers with high fidelity via purely dynamical evolution. When the quantum data
bus is in the thermal equilibrium state, the effects of the temperature on the state
transfer protocol have also been numerically studied. In contrast to previous work
on XX coupling spin chains, an additional z-directional coupling can depress the
thermal excitations and partly counteract the thermal effects to ensure the feasibil-
ity of the present method. With its scalability and robustness, this protocol may be
applicable in a high-dimensional solid device for quantum information processing.
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